




















SCALED ASYMPTOTICS FOR SOME q-SERIES
RUIMING ZHANG
Abstrat. In this work we investigate the asymptotis for Euler's q-Exponential
Eq(z), q-Gamma funtion Γq(z), Ramanujan's funtion Aq(z), Jakson's q-
Bessel funtion J
(2)
ν (z;q) of seond kind, Stieltjes-Wigert orthogonal polyno-
mials Sn(x; q) and q-Laguerre polynomials L
(α)
n (x; q) as q approahing 1.
1. Introdution
Euler's q-Exponential Eq(z), q-Gamma funtion Γq(z), Ramanujan's funtion
Aq(z), Jakson's q-Bessel funtion J
(2)
ν (z;q) of seond kind, Stieltjes-Wigert orthog-
onal polynomials Sn(x; q) and q-Laguerre polynomials L
(α)
n (x; q) are very important
examples in q-series, [5, 8, 11, 18℄. They are used widely in other branhes of math-
ematis and physis. In this work we will present a method to derive asymptoti
formulas for these funtions as q approahing 1 via Jaobi theta funtions.
For any omplex number a and parameter 0 < q < 1, we dene [5, 8, 11, 18℄




and the q-shifted fatorial of a is dened by
(2) (a; q)n :=
(a; q)∞
(aqn; q)∞
, n ∈ Z.
We also use the following short-hand notation
(3) (a1, . . . , am; q)n =
m∏
k=1
(ak; q)n, m ∈ N, a1, . . . , am ∈ C, n ∈ Z.










= (aqn; q)∞ := 1 + r1(a;n)
with
(6) |r1(a;n)| ≤ 2 |a| q
n
1− q
Date: November 30, 2006.
1991 Mathematis Subjet Classiation. Primary 30E15. Seondary 33D45.
1








:= 1 + r2(a;n)
with
(8) |r2(a;n)| ≤ 2 |a| q
n
(1− q) .









zk a, z ∈ C,
and the inequality
(10) (q; q)k ≥ (1 − q)k





















≤ 2 |a| q
n
(1− q) .(12)
Apply a limiting ase of (9),









1− q ≥ kq
k−1,
(q; q)k
(1− q)k ≥ k!q






























The Dedekind η(τ) is dened as [22℄
(17) η(τ) := eπiτ/12
∞∏
k=1
(1 − e2πikτ ),
or
(18) η(τ) = q1/12(q2; q2)∞, q = e
πiτ , ℑ(τ) > 0.
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The Jaobi theta funtions are dened as





















(24) z = e2πiv, q = eπiτ , ℑ(τ) > 0.
The Jaobi's triple produt identities are
θ1(v|τ) = 2q1/4 sinπv(q2; q2)∞(q2e2πiv; q2)∞(q2e−2πiv; q2)∞,(25)
θ2(v|τ) = 2q1/4 cosπv(q2; q2)∞(−q2e2πiv; q2)∞(−q2e−2πiv; q2)∞,(26)
θ3(v|τ) = (q2; q2)∞(−qe2πiv; q2)∞(−qe−2πiv; q2)∞,(27)
θ4(v|τ) = (q2; q2)∞(qe2πiv; q2)∞(qe−2πiv; q2)∞.(28)




















































2/τθ2 (v | τ) .(32)
Lemma 1.2. For
(33) 0 < a < 1, n ∈ N, γ > 0,
and
(34) q = e−2πγ
−1n−a ,
we have
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as n→∞.
Proof. From formulas (17), (19) and (19) we get












































The Euler's q-Exponential is dened by [5, 8, 11, 18℄





zk, z ∈ C.




(1 − q)1−x x ∈ C.







(−z)k, z ∈ C.
Jakson's q-Bessel funtion of seond kind [5, 8, 11, 18℄







qk(ν+k), ν > −1, z ∈ C.
Stieltjes-Wigert orthogonal polynomials {Sn(x; q)}∞n=0 are dened as [11℄







, x ∈ C, n ∈ N ∪ {0} .
Stieltjes-Wigert orthogonal polynomials ome from an indeterminant moment prob-




Sm(x; q)Sn(x; q)wsw(x)dx =
q−n
(q; q)n















, x ∈ R.(45)
Clearly, the assoiated orthonormal Stieltjes-Wigert funtions are given by
(46) sn(x; q) :=
√
qn(q; q)nwsw(x)Sn(x; q), x ∈ R+, n ∈ N ∪ {0} .
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are dened as [5, 8, 11, 18℄





(q; q)k(q, qα+1; q)n−k
, α > −1, x ∈ C, n ∈ N ∪ {0} .
The q-Laguerre orthogonal polynomials ome from an indeterminate moment prob-





n (x; q)wqℓ(x)dx =
(qα+1; q)n
qn(q; q)n
δm,n, α > −1, n,m ∈ N ∪ {0} ,
where





(−x; q)∞ , x ∈ R
+, α > −1.(49)








n (x; q), α > −1, n ∈ N ∪ {0} , x ∈ R+.
For any positive integer n, we dene




















where ⌊x⌋ is the greatest integer less than or equals to x ∈ R and {x} is the
frational part of x ∈ R.
2. Main Results
2.1. Euler q-Exponential Funtion Eq(z), q-Gamma Funtion Γq(x).
Theorem 2.1. For
(53) 0 < a <
1
2





































Similarly, Γq(z) has asymptoti behavior:
SCALED ASYMPTOTICS FOR SOME q-SERIES 6
Theorem 2.2. For
(56) 0 < a <
1
2






2 − n− nau
















2 + n+ n
au





2.2. Ramanujan's Funtion Aq(z).
Theorem 2.3. For


















for n suiently large.
Let
(62) q = exp(−πn−a), 0 < a < 1
2
, n ∈ N, u ∈ R,
then,




} {1 +O (exp(−πna))}√
2 exp {πn−a/24− πna/6} ,
and






} {cos(πnau) +O (exp(−2πna))}
(−1)n expπ {na/12 + n−a/24}
(64)
as n→∞.
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and








for n suiently large.
Let
(68) ν > −1, q = exp(−πn−a), 0 < a < 1
2






























πn−a (nau+ n+ ν/2)2
}
{cos(πnau) +O (exp(−2πna))}
(−1)n√na expπ {n−a/12− na/12− ν2n−a/4}
as n→∞.
2.4. Stieltjes-Wigert Orthogonal Polynomials Sn(x; q).
Theorem 2.5. For




















for n suiently large.
Let
(74) q = exp(−2πn−a), 0 < a < 1
2
, n ∈ N, u ∈ R,
then,







2na exp {πn−a/6− πna/6} ,(76)


























exp(−uπ/2){cos π2 (nαu+ n) +O (e−πna)}√
π exp(3πn1−a/2 + πn−a/4)
as n→∞.
























for suiently n. Let
(82) q = exp(−2πn−a), 0 < a < 1
2
, α > −1, n ∈ N, u ∈ R,
then,










2na expπ {πn−a/6− πna/6} ,
and
Lαn(exp 2π(u+ n













au+ n) +O (exp(−πna))}
exp {πna/24 + πn−a/6}
as n→∞. Consequently,
ℓ(α)n (exp 2π(u+ n




exp(−πu/2){cos π2 (nau+ n) +O (exp(−πna))}
exp π2 (3n
1−a + α2na + na/6 + 2αn−a + n−a/2− α2n−a)
as n→∞.
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3. Proofs
3.1. Proof for Theorem 2.1.
Proof. It is lear that
Eq(zq
























Eq(−q−n+1/2e2πu) = (q−n+1/2e2πu; q)∞(88)
=













































































































2 exp(πn−a(nau+ n)2) cos(πnau)








3.2. Proof for Theorem 2.2.
Proof. Observe that
1




(q, q1/2e−2πu, q1/2e2πu; q)∞q
−n2/2e2πnu
(−1)n(1− q)n+nau+1/2(q, q, qn+1/2e−2πu; q)∞ .
Sine
1
(q, q, qn+1/2e−2πu; q)∞
= n−a exp
(
πna/6− πn−a/6){1 +O (e−2πna)} ,(97)
and
(q, q1/2e−2πu, q1/2e2πu; q)∞ = θ4(ui | n−ai) = na/2eπn
au2θ2(n
au | nai)(98)

















(−1)nna/2 (1− e−2πn−a)n+nau+1/2 exp (πna/12 + πn−a/6)
(99)
as n→∞.
Similarly we ould prove that
1
Γq(1/2 + n+ nau)
=
exp(πna/12− πn−a/12){1 +O (e−2πna)}
na/2(1− e−2πn−a)1/2−n−nau(100)
as n→∞. 


















= s1 + s2,
where
(102) f(k) = (qk+1; q)∞, k ∈ N ∪ {0} .
Clearly,
(103) |f(k)| ≤ 1, k ∈ N ∪ {0} .
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By Lemma1.1 we have
(105) |f(n− k)− 1| = |r1 (q;n− k)| ≤ 2q
n/2
1− q


































(−qχ(n)z−1)k + s11 + s12 + s13.
Thus,









































for n suiently large. Let
(109) e1(n) = s11 + s12 + s13,
then,



















for n suiently large.
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Lemma1.1 implies that
(113) |f(n+ k)− 1| = |r1 (q;n+ k)| ≤ 2q
n
1− q


























































for n suiently large.
















































πnau2 − πna/4} cos(πnau) {1 +O (exp(−2πna))}
as n→∞. Observe that
(120) na ≪ n1−a
for 0 < a < 12 as n→∞, thus,




} {1 +O (exp(−πna))}√
2 exp {πn−a/24− πna/6} ,
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and






} {cos(πnau) +O (exp(−2πna))}
(−1)n expπ {na/12 + n−a/24}
(122)
as n→∞. 
3.4. Proof for Theorem 2.4.



















(124) f(k) := (qk+1, qν+1+k; q)∞, k ∈ N ∪ {0} .
For ν > −1, we have
(125) |f(k)| ≤ 1, k ∈ N ∪ {0} .























Notie that for k ≥ 0,







}− 1 = r1(q; k) + r1(qν+1; k) + r1(q; k)r1(qν+1; k),
(127)
then, for suiently large n,
(128) 0 <
2qn/2
1− q < 1,
and Lemma1.1 implies
(129) |f(n− k)− 1| ≤ 6q
n/2










1 − q , k ∈ N.
























for n suiently large. The rest of the proof is very similar to the orresponding
part for Theorem 2.3. 
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3.5. Proof for Theorem 2.5.
























(134) f(k) = (qk+1; q)∞(q
n−k+1; q)∞, k = 0, 1..., n.
Clearly
(135) |f(k)| ≤ 1, k = 0, 1, ..., n.
Observe that




1− q < 1





− k)− 1| ≤ 6q
n/4










+ k)− 1| ≤ 6q
n/4





































































































, n ∈ N,
Lemma 1.2 and transformation formulas of theta funtions we get






















αu+ n) +O (e−πna)}
exp {πn−a/6− πna/24}
as n→∞.




























































exp(−uπ/2){cos π2 (nαu+ n) +O (e−πna)}√
π exp(3πn1−a/2 + πn−a/4)
as n→∞. 
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, k = 0, 1, . . . , n.
Then





n (zq−n−α; q)(q; q)2∞
(−z)⌊n/2⌋q−⌊n/2⌋⌊(n+1)/2⌋ = θ4(z




















































For α > −1 and suiently large n with
(156) 0 <
2qn/4
1− q < 1,
we expand
g(k)− 1 = {r2 (qα+1;n)+ 1} {r1 (q;n− k) + 1} {r1 (q; k) + 1}{r1 (qα+1;n− k)+ 1}− 1
(157)





− k)− 1| ≤ 30q
n/4
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and
(161)











Formula (144) and transformations for theta funtion imply that










2na expπ {πn−a/6− πna/6} ,
and
Lαn(exp 2π(u+ n












au+ n) +O (exp(−πna))}













= − sin(πα)(q; q)
4
∞




(1 + zq−α)(q,−zq1−α − z−1q1+α; q)∞
× {1 +O(na exp(−2πn1−a)}
=







na exp(−πn−a(nau+ n)2 − πu) {1 +O(exp(−πna)}
2π expπ(3n1−a + 2αn−a − α2n−a + α2na + n−a/6 + na/12)
for n suiently large. Therefore,
ℓ(α)n (exp 2π(u+ n




exp(−πu/2){cos π2 (nau+ n) +O (exp(−πna))}
exp π2 (3n
1−a + α2na + na/6 + 2αn−a + n−a/2− α2n−a)
as n→∞. 
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